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We will prove uniqueness and existence theorems for certain boundary 
value problems for the n th order nonlinear difference equation 
bJ(f - k) =S(h y(t)) (1) 
where 
Py(t-k)= 1 a,(t)y(t-kii), 
r=O 
k is a fixed integer satisfying 1 < k < n - 1, the coefficients c(~( t), 0 < i < n. 
are defined for integer values of t satisfying u+ k< t < h+ k (UC h are 
integers) CC,,(Z) = 1 and aO( t) satisfies (see [ 31) 
( - 1)” %(t) > 0, a+k<t&h+k. (2) 
We assume throughout that for each fixed value of the discrete variable t, 
a + k < t < b + k, f( t, y) is a continuous function of the real variable y. 
Here we are mainly concerned with the boundary conditions 
y(a+i)=A,, O<idn-2, y(h+n)= B (3) 
y(u) = A, y(h + i) = B,, 2<iGrl. (4) 
We first prove some comparison theorems for linear difference equations 
and use these results and the shooting method of proof as in [l] to solve 
the boundary value problems (1 ), (3) and (1). (4) under suitable conditions 
on St t, J’ 1. 
As in [3] we say that a solution y(t) of Py( t - k) = 0 has a generalized 
zero at t,, a d t, < h + n, provided y( to) = 0 or there is a positive integer ,j 
such that a<t,-j, (-l)‘y(to)y(to-j)>O and ifj> I, y(t,,-1)= ..’ = 
J( t,, -.j + 1) = 0. We say that Py( t ~ k) = 0 is right (j, n j)-discorrjugate on 
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[c, d] = {c + 1, c + 2 )...) d} where a< CC d6 b+n are integers provided 
there is no nontrivial solution y(t) and integers CC, p, c < a < CI +j < p 6 
d-n+j+ 1 such that 
y(a + i) = 0 o<i<j-1 
y(/3 + i) = 0 OdiQn-j-2 (ifn-j>2) 
and y has a generalized zero at /I + n -j - 1. Similarly we say that 
Py(t - k) = 0 is left (j, n - j)-disconjugate on [c, d] provided there is no 
nontrivial solution y(t) and integers a, p, c < a < a + j 6 p < d- n +j + 1 
such that 
y(a + i) = 0 O<i<j-2 (ifj> 2) 
y(B + i) = 0 O<i<n-j-l 
and y(t) has a generalized zero at a + j- 1. (Here if a = c, then y(t) has a 
generalized zero at a + j - 1 = c + j- 1 means y(a + j - 1) = 0). We say (see 
[3]) that Py(t - k) = 0 is disconjugate on [c, d] provided no nontrivial 
solution when restricted to [c, d] has n generalized zeros in [c, d]. See the 
papers [7, 8, 91 to see the significance of right (j, n - j)-disconjugacy. For 
example (see the proof of Theorem 2, [7] and Theorem 5.1, [3]) if 
Py(t - k) = 0 is right (j, n -j)-disconjugate on [a, b + n] for j = l,..., n - 1, 
then Py(t - k) = 0 is disconjugate in [a, b + n] (Do not forget that we are 
assuming (2) holds). Further a close look at the proof of Theorem 3, [9] 
shows that this result is true for @(t-k) = 0 if Py(t - k) = 0 is right 
(j, n - j)-disconjugate on [a, b + n]. This result gives a necessary condition 
in terms of the coefficients of Py(t -k) = 0 for Py( t,k) = 0 to be right 
(j, n - j)-disconjugate on [a, b + n]. 
We will make use of two variation of constants formulas (see eg. [3] 
although our formula is a little different) which we state here for easy 
reference. The solution of the initial value problem 
Py(t-k)=h(t) 
y(u + i) = 0, Odidn- 
is given by 
r+k-I 
y(t)= C U(t,s-k+ l)/+(s), u+l<t<b+n (5) 
r=afk 
where y(u) = 0 is understood, U( t, s), is for each fixed s the solution of 
Py(t - k) = 0 satisfying U(s + i, S) = 0, 0 d id n - 2, U(s + n - 1, s) = 1 (If 
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s > b + 1 in (5) then the corresponding terms are zero). Likewise the 
solution of the initial value problem 
is given by 
Py(t-k)=h(t) 
y(b + i) = 0 l<i<H 
h+k 
y(t)= c 
4s) V(t,s+n-k- l)- (6) 
.A=,-- nfk+ 1 &I(.~) 
for a d t < b + n - 1 where y(b + n) = 0 is understood, P’(t, S) is, for each 
fixed s, the solution of Py(t - k) = 0 satisfying V(s - i, s) = 0, 0 d id n - 2, 
V(s - n + 1, S) = 1 (If s < a + k in (6) the corresponding terms are zero). 
We are interested in comparing solutions of the equations 
Pu(t - k) = q,(z) u(t) (7) 
Pu(t-k)=q,(r)u(t) (81 
where 
41(t) > qAf)r a+k<t<h-/-k. (9) 
For some comparison theorems see [2, 3, 4. 5, 63. 
THEOREM 1. Assume u(t) is a solution of 
Pu(t-k)>q,(t) u(t) 
andu(t)>O, a<tdb+n is a solution of 
Putt -k) d qAt) u(t) 
such that u(a+i)=u(a+i), O<i<n- 1. [f’ (9) holds and (8) is right 
(n - 1, 1 )-disconjugate on [a, b + n], then 
u(t) 2 u(t) on [a, b+n]. 
Proqf: Let 
w(r) = u(t) - u(t), 
then 
Pw(f - k) - qAt) w(t) 2 [q,(t) - qAf)l 4th 
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It follows that w(t) is the solution of the initial value problem 
wt - k) - 42(t) w(t) = Q(t) + [41(t) - q*(t)1 u(t) 
w(a + i) = 0 O<i<n-1 
where Q(t) > 0, a + k 6 t d b + k. By the variation of constants formula (5) 
r+k- 1 
w(t)= 1 U(4 s-k + 1 K@,(s) + (q1(s) - qAs)) u(s)1 
s=a+k 
where U(t, s), for each fixed s, is the solution of (8) satisfying 
U(s+i,s)=O, O<i<n--2, U(s+n-l,s)=l. By the right (n-1, l)- 
disconjugacy of (8), u(t, S) > 0 for s + n - 1 < t G b + n. 
To complete the proof of the theorem we show by mathematical induc- 
tion on increasing values of t that w(t) 3 0 for a 6 t <b + n. Obviously 
w(t)>0 for a<t<u+n-1. Assume t,>u+n-1 and that w(t)>0 for 
u<t<t,. But w(t) 3 0 for a d t < to implies u(t) > u(t) 2 0 for a 6 t < t,. 
Using the initial conditions for U(t, s) we have that 
w(to)= 2 v(t,,s-k+l)C~(s)+(q,(s)-qq,(s))u(s)l. 
s=ufk 
It follows that w(t,) 3 0. 
Theorem 1 gives us the following result. 
COROLLARY 1. Zf(8) is right (n - 1, 1)-disconjugute in [a, b + n] and (9) 
holds, then (7) is right (n- 1, 1)-disconjugute on [a, b+n]. 
A special case of Corollary 1 is obtained when q2( t) E 0, in this case we 
get that if q,(t) >/ 0 for a + k < t d b + k, then Pu(t - k) = ql(t) u(t) is right 
(n - 1, l)-disconjugate on [a, b + n]. 
Let A be the difference operator defined by Ay(t) = y(t + 1) -y(t). In 
Theorem 1 u(t), u(t) satisfy A%(u) = A%(u), 0 < i 6 n - 1. We now give an 
example to show that this hypothesis can not in general be replaced by 
A%(u) 3 A%(u), 0 d i 6 n - 1. 
EXAMPLE 1. Consider the difference quations 
A3u(t- l)= -u(t) 
A3u(t - 1) = -2u(t). 
Here k= 1, q,(t)- -1 B -2-q,(t), a =O, b =4. Let u(t) be the solution 
of the first equation satisfying u(O) = 0, Au(O) = 2, A%(O) = 1 and let u(t) be 
the solution of the second equation satisfying u(O) = Au(O) = 0, A*o(O) = 1. 
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It can be shown that the second equation is right (2, 1 )-disconjugate on 
[0, 41, o(t) > 0 on [2, 41 but u(4) = 3 < v(4) = 4. 
Similar to the proof of Theorem 1 we can use the other variation of con- 
stants formula (6) and an induction argument on decreasing values of t, 
a < t 6 h + n, to get the following theorem. 
THEOREM 2. Assume n is even [odd], u(t) is a solution of 
Pu(r-k)>q,(t)u(t) 
and v(t) is a solution qf 
such that u(a + i) = v(a + i), Odidn- 1. If’ v(r)20 [u(f)>O]. 
udt<h+n, (9) holds, and (8) [(7)] is Icft ( I, n - 1 )-disconjugate on 
[a, h + n], then 
Theorem 2 gives us the following result. 
COROLLARY 2. (f n is even [odd], (9) holds, and (8) [(7)] is kfi 
( 1, n - 1 )-disconjugare on [a, h + n], then (7) [ (8 )] is kfr ( 1, n - 1 )-discon- 
jugate on [a, h + n]. 
It follows from Corollary 2 that d”j~(r - k) = q(r) I is left 
(l,n-I)-disconjugateon [a,h+n] ifeitherq(r)>Oon [rr+k,h+k] and 
n is even or if q(t)<0 on [u+k,h+k] and n is odd. 
We now can prove the following existence and uniqueness theorem. 
THEOREM 3. Assume there is a ,function q( r ) defined on [a + k. h + k] 
such that 
f(4 U)-.f(4 V)>q(f)lu-cl 
when U>V, TV [a+k,h+k]. Zf Py(t-k)=q(/)y(r) is right (n- 1, l)- 
disconjugate on [a, h + n], then the boundary value problem ( 1 ), (3) has a 
unique solution. 
Proqf: Since 1 < k < n - 1, the initial value problem ( 1 ), 
y(a + i) = A,, O<i<n-2 
y(a+n- l)=m 
190 ALLAN C. PETERSON 
has a unique solution y(t, m) defined on [a, b + n]. Let 
S= {y(b+n,m):meR}. 
By the continuous dependence of solutions on initial conditions S is an 
interval. To prove the existence part of Theorem 3 it suffices to show that S 
is not bounded above and that S is not bounded below. 
Define the sequence of integral means (f,( t, y)},“, I of f(t, y) by 
for a+k<t<b+k, yeR. 
Fix WI, > m, and note that 
Ypk m,)-Ypk m*)= *P;;“’ (m, _ m2) 
where ayp(t, fi)/&n is the solution of the initial value problem 
4(1-k)=~(i,yp(t.A))l.(f) 
y(a + i) = 0, Odidn-2 
y(a+n-1)= 1 
Since it can be shown that 
fj (4 Y,k C)) 2 q(t) 
for a+k<t<b+k we get by Theorem 1 that 
where U(t, a) is the solution of the initial value problem 
f’y(t - k) = q(t) y(t) 
U(a + i, a) = 0, O<i<n-2 
U(a+n-l,a)=l 
Hence 
Yp(4 ml) -y,(4 mz) 2 U(t, a)(m, - m2) 
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for a < t d b + n, p 2 1. Let t = b + n and use the continuous dependence of 
solutions on initial conditions to get that 
y(b-tn,m,)-y(b+n,m,)>U(b+n,a)(m,-m,). (10) 
Since U(b + n, a) > 0 we get that 
lirn y(b + n, m) = CO. 
m-rm 
Similarly 
lim y(b+n,m)= -CO. 
m--cc 
Hence the existence part of the proof is complete. The uniqueness part of 
the proof also follows easily from (10). 
Similar to the proof of Theorem 3 one can use Theorem 2 to prove the 
following result. 
THEOREM 4. Assume n is even [odd] and there is a function q(t) defined 
on [a + k, b + k] such that 
f(t, u) -f (t, 0) 2 dt)(u - VI 
Cf(t, U)-f(4 v)Gdt)(u- v)l 
whenever u>v, tE [a+k, b+k]. Zf Py(t-k)=q(t)y(t) is left (l,n-l)- 
disconjugate on [a, b + n], then the boundary value problem (l), (4) has a 
unique solution. 
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